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LIMITS OF LALESCU KIND SEQUENCES WITH
p—HYPERFACTORIAL AND SUPERFACTORIAL

ARKADY ALT

Abstract. The subject of this article are limits of sequences that can be represented in the form
nt ((n—l— 1)17“ ant1 —nl’“an) . In particular, we will derive limits of such sequences with p-

hyperfactorial forp € Rt and with superfiactorial.

1. Terminology and notations

e For any two almost everywhere nonzero sequences (ay),~; and (b,),, (only

. . . a .
finite number of terms can be equal zero) in the case lim — = 1, we will use a well

n—oo

known notation a, ~ b, and say that such sequences (ay),~, and (bn),>; are asymp-
totically equal (or asymptotically equivalent). It is easy to prove that “~" is an equiv-
alence relation. In particular lima, = a <= a, ~ a. From the definition of “~"

immediately follows “multiplicative replacement” property:
If a, ~ b, and ¢, ~ d, then a,c, ~ b,d,, an d—" and for any fixed p # 0 we
n n

have a, ~ b, <= a? ~ b".
As examples of using notation “~”, we present several well-known asymptotic
equivalences that we will need later:

D) Vn! ~ne ! (but n! ~ V2ann"e™"), /n ~ 1 (and even more /a,nP ~ 1 for any
fixed p andany 0 < L < @a, <U).

1
i) If lim oy, =0 then (1+04,) % ~e, In(1+0,) ~ y, € — 1~ o, (14 04)"

n—o0

—1~poy,.

e Asymptotic notations:

i) If lim Z—" =0 we will right down a, = 0 (b,). Let a, = o(b,) then b, ~ ¢, =

Nn—oo
an=o0(cn);

ii) If |a,| < K|by|, n € Z for some positive constant K then we will right down a,, =
O (by).
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e We will call a sequence of the form n* ((n + 1) e, — nl’“an> a sequence
of Lalescu-kind, or an .Z -sequence. The origin of this notation comes from the Lalescu
sequence: L, = "/(n+1)!—</n! (or the above sequence with u =0, and a, =
Vn!

)

e p-Hyperfactorial is an expression of the form H), (n) = 11"2%" ...n"" | p € R*

and is the generalization of Hyperfactorial H (n) = 1122...n".

2. Preliminary result

To prove the main theorem we need some auxiliary statements presented by the
following three lemmas and one corollary:

n+1
a
LEMMA 1. If a, > O for almost all n € N and lim L — 4 then lima, =a
n—oo Nn—so0
and for any real | holds lim n* ((n—i— ) My — nl_’“‘an> =a(l—u).
n—o0
n+1
Proof. If a= lim ":1 then, assuming ap = 1, by Multiplicative Stolz Theorem
n—soo an
n+1 n k
n+1 n Ay
we have —— ~a —> I1—~a<= a,~a.
a =1 ak—l
n k—1
a’ at!
Hence, L = Ll gl g7l = 1.
n a}’l
. n+1) “a
Since a, ~ a then ()—"H ~ 1 and, therefore,
nl=Ha,

n (n+ 1) Ha,p, —1| ~nln —(n+1)l_ua"+1
nl=Hq, nl=Hq, '
Thus, we have

- - (n+ 1)1711 an+1
(1) apg = ““n)“"‘”(W‘l

o, ((l’l+ 1)"(1“)512“) .

n"(lfﬂ)az

n

anJrl
n
n

~ 1 then

1 n
On the other hand, since (l + —) ~ e and
n

n(l1— n n(1— n
(n+1)( ﬂ)an+l :< l) ( “).an+l N617“

1—
n"( Ii)az
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+1 n(l—p) n
and, therefore, In (n+1) Guet ) 1—u.
n”(lfﬂ)az

Thus,
nt ((n—|— D' a, —nlf“an> ~a(l—u)

< lim (n“ ((n—i— ' Ha, —nl_“a,q)) =a(l—p). O
n—soo
LEMMA 2. Let f:[1,00) — (0,00) be twice differentiable on (1,0) function such
that " preserve sign on (1,%0) and let F (x) be primitive function for f (x) on (1,00).
Then for any positive integer n holds inequality

S
Y rin-1 - -

k=1 2

Proof. Note that for any g () € C?((1,%0)) an easily verified identity

s0-1 (1) 0= ((i-1) g<t>)/—§<(t—§)2g/(r>>/
holds.
Substitution 7 = x — k and g () = f (¢ + k) gives us

kH x__/kH (x k—_) f//(X)dxzf(k+l)+f(k)—f/(k+1)_f/(k>.
k 2

8
ey
Then, applying to (1) summation by k =1,2,...,n — 1 we obtain

/lnf( dx—lnzlfm <x k——) £ () dx

: WHF) ) —r ()
A 3

—

: n fO)+F) F 0 -f(1)
gf(k)—/lf(X)dx— i

'g/kk“ (x—k—%)zf”(x) .

1\ 1
Since max (x—k— —) = — and f”(x) preserves it’s sign on (0,0) then
[kk+1] 2

4
n—=1 rk+1 1\2 .
Sty

1
2
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S5 [ (e g) Vrwlaes S [l

=17k

and, therefore,

$ 100100 pio)— (L0 pr)) - LOZS O 0w

< 8

n
COROLLARY 1. Forreal p >0 let S, (n):= Y, k”. Then:
k=1

nP np+1

2 p+l| |2 p+l 4 ’
iy Selw) 1, n +0< ! );

np 2 p+1 nmin{l.p}

<‘1 ! ’ plnr =1},

Sp(n) 1. n
i) nor ~p2 P

p+1 ,
’ X)=
o A

pxP~1, f"(x) = p(p—1)xP~2. Since signf” (x) = sign (p — 1) then applying inequal-
ity in Lemma 2 we obtain

Proof. For f(x) =xP, x€ (0,), p>0, p#1 we have F (x) =

P opptl 1 1 Pl —1
Sp(n)_n_—n <l5— d ’
2 p+1 2 p+1 4
L1 | _plr '
But since in the case p =1 we have |- — =0 and
2 p+1 4
n?  pPtl d n n?
Sp(n)— = — =Yk -Z|=0
p(n) 2 prl “ 2 2

then inequality (i) holds for any p > 0.
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p—1_
1 1 ‘+pyn 1;:0<

2 p+1 4np

Sp(n) 1 n 1
nb §+p+1 +0 pmin{l.p} |
- 0(5w)
Since for any a > 0 we have limn \"*/ =1 then

n—oo

1
Also, —
npP

(1] ) yields

1 1 n 1 1 n
nmin{l,p}) — n§+p+1 _n0<nmin{l,p}) ~ n§+p+1 . O

+o(

L ot S -8
LEMMA 3. (Hp(n))n” ~e (Pt n"nm ~e (0t1)7p

=

P+ for any real p > 0.

™)

n—oo N\

1 n S)(")
Proof. We will prove lim In <(Hp (n))n? e (P17 p~ I ) =0, thatis lim c_; -

0, where

l 1 2 SP(”) np+1
¢pi=n"In ((Hp(n))n” e (p+1) = "r ) = ————+InH,(n)— S, (n)Inn.
(p+1)

Noting that
(n+1)PH —pptl

(p+1)?
—(Sp(n)+(n+1))In(n+1)+S,(n)lnn

p+l_ p+l
— (n+(l) 1)2}’1 “In (1_’_1) Sp(}’l),
p+ n

1 1_|_1 1 1 n 1
n =-—-—= =
n n 22 %\2)

Lo, ae—n), (1
n 2n? n?)’

Cnp1—Cn = + (n+1)In (n+1)

N
—
+
S| =
N———
S

|

—

|

_ Sp(")_l n 1 .
a—p7p+landn—p—§+p+l m we obtain
Cn+l —Cn
(n+1)P —nr

1
(n4 1)+ — ot In <1+;) Sp(n)

(p+12((n+ 1) —nr)  (n+1)P—n?

1
B (n4 1) — ppt! n _”ln (1“‘;) Sp(n)
n((n+1)P=nP) | (p4+1)2  (n+1)PT —prtl
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Gty o, niet)
N R

1\ 7P+ | 1 | . |
(1—'_;) ! n _ <1_5+0 (Z)) <E+p+1+0 <nmin{1,p}>)

<1+1)p_1 (p+1)? pi1 20FD (%)

n 2n
Since
1 [)*’rl
1+ - —1
1im< ”> prl
—o0 1\? ’
! <1+—> 1 b
n
(2) G+ ( )
ol =
) n nmm{lp}
- 14220 ( + -
p 2n
(l*) ( )
) n nmm{l,p
lim )
p+Hl14+—= p ()
and
1 1 n
1—— ~+
m)\2 " p+1
lim (D) 1 =0
n—oo
p“ +1+p7+0<—>
2n n
1 1 )=+ (1—=—) (=
<:>n2130< pr1+ 227 o —|—0<n (p+1) o 2+p+1
p+1) s 1\ /1 =n
1 1 1 1—— —+—
= jim (s (P++ )= (1-3,) (3+55))
&
_n—>°<> 4n
then lim L =0 and by Stolz Theorem
n—e (n+1)F —
. C X 1 z 5 _Sp(”)
r}l_r}'}on—’; =0 — r}l_[g(Hp(n))nl’e(P"‘l) n n =1
1 L Sp(n) n n
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REMARK 1. In particular, for p = 1 we obtain well known asymptotic equiva-
n n+l

lence for hyperfactorial H (n), namely H (n) = Hy (n) ~e 4n 2 [1].

3. Main result

2
THEOREM 1. Let o, 3, p be real numbers such that p >0 and o+ 3 = p—::_-l
p

Then

n—oo

S S 1
lim ( <<n+ P (Hy (n+1) 05— (1, (n>>‘W>>

n—oo

= (1- o) lim ((H,, (n))" T nﬁ) = (1—a)eP+)

n+1 s 1
i1 _ <1+l)p I (Hp(n))nr S(n+1)pHT
ajl n

__n+l 1, n+l
e Pt (n41)2Fpel
p+2 1 n p+2 ! 1
2 1 R S
— el ( ”1>”+ e AT — o (p 1)
(12 \'F
Since
1 gL [V ES T o

n—oo

1
o+ (ﬁ - m) — 1 and lima, = @+’ then, applying Lemmal to u = o, we

obtain

n—oo

lim 1 ((n+ DP - (Hy (1)) 00" =P (B (n)) 70T )

1
= lim n“ ((n—|— l)lfaanﬂ —nl’o‘an> =(1- a)e(pH)Z )

n—o0

O
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1 p+2 P
p+1  p+1" p+1

In particular, for o =0, we obtain, respectively,

pt2 -1 pe2 1
lim | (n+1)Pt1-(H,(n+1)) (n+1) —nPtl.(H,(n)) nrfT

n—oo

(LH1)

)
n—00

1 1 1
= lim ((H,, (n)) n<T .nm) = e(p+1)

n—oo

pt2 7%“ __1 e(P+1)2
(LH2)  tim e ( (Hy (1) BT (a1, () ) ,

n—oo

r 1% -1 2 .
lim npt! | (n+1) . (Hp(n—|— 1)) (n+D)PT il (Hp(n)) PTaR
(LH3)

o o N el
(LH4)  1im n?tT ( (n41)- (H, (n+1)) 00" —n(H,, (n)) 07T | = '

n—o0

REMARK 2. When p = 1 then for hyperfactorial H (n) = Hy (n) = 1'2%...n" the
limits (LH1), (LH2), (LH3), respectively, becomes:

o ((EDVIET N v
r}—l?olo(("“)i/H(n—l—l) nf/H(n)> y}—lllo n2 H (n) Ve,

i % 1 1 Ve
mn — = — ,
e \WWHEET) VH @) 2

. n+1 n _E
V}EIOIC\/I_I< ("“)i/H(n—l—l) o "f/H(n)) oo

4. More applications of Lemma 1
THEOREM 2. Let sf (n) := 112!...n! (superfactorial). Then

lim ( (n+)vn+l1  nyn ) ) Vn

2 5 = lim oy 6%.
Nsfn+1)  Nsf(n) ) e n/sf(n)
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' (n!)n+l '
Proof. Noting that sf (n) = H ) we obtain
2 2
"/ H "/ H 1 1 1 3
Vi VaH(n) (n) n T S ol

"\Z/Sf(n) (nl)nniZl R (n')% (n')n% ("n!)’%

(because v/n! ~ ne~!) and, therefore,

1
- 3
("n!)" ~ ] = limZL:eZ.
v s )
n ntl ntl
Let a, := % Since {/H (n)~e 4n 2 and (n!) n =n!/n! ~n! ne!
n Sf n
then .
n n n n n n
S nz2  n2{/H(n) n2-¢4n2  nle 4
" st (n) (n,)% nnle! Vnnle~!

and, therefore,

ntl nl —BEL a1k
il (n+1)"" e 4 /nn! _ (n+1)" e 4\/ﬁNe%
ay Vit T(n+1)! pne i n" n+1
n+1 3
Since lim a, = lim ”:1 = ¢4 then by Lemma 1 we obtain
n—oo n—eo gl

3
lim ((n+ 1)ay+1 —na,) =e4. O

n—oo
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