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LIMITS OF LALESCU KIND SEQUENCES WITH

p–HYPERFACTORIAL AND SUPERFACTORIAL

ARKADY ALT

Abstract. The subject of this article are limits of sequences that can be represented in the form

nμ
(
(n+1)1−μ an+1 −n1−μan

)
. In particular, we will derive limits of such sequences with p -

hyperfactorial for p ∈ R
+ and with superfiactorial.

1. Terminology and notations

• For any two almost everywhere nonzero sequences (an)n�1 and (bn)n�1 (only

finite number of terms can be equal zero) in the case lim
n→∞

an

bn
= 1, we will use a well

known notation an ∼ bn and say that such sequences (an)n�1 and (bn)n�1 are asymp-
totically equal (or asymptotically equivalent). It is easy to prove that “∼” is an equiv-
alence relation. In particular lim

n→∞
an = a ⇐⇒ an ∼ a. From the definition of “∼”

immediately follows “multiplicative replacement” property:

If an ∼ bn and cn ∼ dn then ancn ∼ bndn ,
an

cn
∼ bn

dn
and for any fixed p �= 0 we

have an ∼ bn ⇐⇒ ap
n ∼ bp

n .
As examples of using notation “∼”, we present several well-known asymptotic

equivalences that we will need later:

i) n
√

n! ∼ ne−1 (but n! ∼ √
2πnnne−n ), n

√
n ∼ 1 (and even more n

√
annp ∼ 1 for any

fixed p and any 0 < L � an � U ).

ii) If lim
n→∞

αn = 0 then (1+ αn)
1

αn ∼ e , ln(1+ αn) ∼ αn , eαn −1 ∼ αn, (1+ αn)p

−1 ∼ pαn.

• Asymptotic notations:

i) If lim
n→∞

an

bn
= 0 we will right down an = o(bn) . Let an = o(bn) then bn ∼ cn =⇒

an = o(cn) ;

ii) If |an| � K |bn| , n ∈ Z for some positive constant K then we will right down an =
O(bn) .
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• We will call a sequence of the form nμ
(
(n+1)1−μ an+1−n1−μan

)
a sequence

of Lalescu-kind, or an L -sequence. The origin of this notation comes from the Lalescu
sequence: Ln = n+1

√
(n+1)!− n

√
n! (or the above sequence with μ = 0, and an =

n
√

n!
n

).

• p -Hyperfactorial is an expression of the form Hp (n) = 11p
22p

. . .nnp
, p ∈ R

+

and is the generalization of Hyperfactorial H (n) = 1122 . . .nn.

2. Preliminary result

To prove the main theorem we need some auxiliary statements presented by the
following three lemmas and one corollary:

LEMMA 1. If an > 0 for almost all n ∈ N and lim
n→∞

an+1
n+1

an
n

= a then lim
n→∞

an = a

and for any real μ holds lim
n→∞

nμ
(
(n+1)1−μ an+1−n1−μan

)
= a(1− μ) .

Proof. If a = lim
n→∞

an+1
n+1

an
n

then, assuming a0 = 1, by Multiplicative Stolz Theorem

we have
an+1

n+1

an
n

∼ a =⇒ n

√
n
∏
k=1

ak
k

ak−1
k−1

∼ a ⇐⇒ an ∼ a.

Hence,
an

n+1

an
n

=
an+1

n+1

an
n

·a−1
n ∼ a ·a−1 = 1.

Since an ∼ a then
(n+1)1−μ an+1

n1−μan
∼ 1 and, therefore,

n

(
(n+1)1−μ an+1

n1−μan
−1

)
∼ n ln

(
(n+1)1−μ an+1

n1−μan

)
.

Thus, we have

nμ
(
(n+1)1−μ an+1−n1−μan

)
= an ·n

(
(n+1)1−μ an+1

n1−μan
−1

)

∼ a · ln
(

(n+1)n(1−μ) an
n+1

nn(1−μ)an
n

)
.

On the other hand, since

(
1+

1
n

)n

∼ e and
an

n+1

an
n

∼ 1 then

(n+1)n(1−μ) an
n+1

nn(1−μ)an
n

=
(

1+
1
n

)n(1−μ)

· an
n+1

an
n

∼ e1−μ
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and, therefore, ln

(
(n+1)n(1−μ) an

n+1

nn(1−μ)an
n

)
∼ 1− μ .

Thus,

nμ
(
(n+1)1−μ an+1−n1−μan

)
∼ a(1− μ)

⇐⇒ lim
n→∞

(
nμ
(
(n+1)1−μ an+1−n1−μan

))
= a(1− μ). �

LEMMA 2. Let f : [1,∞) → (0,∞) be twice differentiable on (1,∞) function such
that f ′′ preserve sign on (1,∞) and let F (x) be primitive function for f (x) on (1,∞) .
Then for any positive integer n holds inequality∣∣∣∣∣

n

∑
k=1

f (k)− f (n)
2

−F (n)

∣∣∣∣∣�
∣∣∣∣ f (1)

2
−F (1)

∣∣∣∣+ | f ′ (n)− f ′ (1)|
4

.

Proof. Note that for any g(t) ∈C2 ((1,∞)) an easily verified identity

g(t)− 1
2

(
t− 1

2

)2

g′′ (t) =
((

t− 1
2

)
g(t)

)′
− 1

2

((
t− 1

2

)2

g′ (t)

)′

holds.
Substitution t = x− k and g(t) = f (t + k) gives us

∫ k+1

k
f (x)dx− 1

2

∫ k+1

k

(
x− k− 1

2

)2

f ′′ (x)dx =
f (k+1)+ f (k)

2
− f ′ (k+1)− f ′ (k)

8
.

(1)
Then, applying to (1) summation by k = 1,2, . . . ,n−1 we obtain

∫ n

1
f (x)dx− 1

2

n−1

∑
k=1

∫ k+1

k

(
x− k− 1

2

)2

f ′′ (x)dx

=
n

∑
k=1

f (k)− f (n)+ f (1)
2

− f ′ (n)− f ′ (1)
8

=⇒
∣∣∣∣∣

n

∑
k=1

f (k)−
∫ n

1
f (x)dx− f (n)+ f (1)

2
− f ′ (n)− f ′ (1)

8

∣∣∣∣∣
=

1
2

∣∣∣∣∣
n−1

∑
k=1

∫ k+1

k

(
x− k− 1

2

)2

f ′′ (x)

∣∣∣∣∣ .

Since max
[k,k+1]

(
x− k− 1

2

)2

=
1
4

and f ′′ (x) preserves it’s sign on (0,∞) then

∣∣∣∣∣
n−1

∑
k=1

∫ k+1

k

(
x− k− 1

2

)2

f ′′ (x)

∣∣∣∣∣
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=
n−1

∑
k=1

∫ k+1

k

(
x− k− 1

2

)2 ∣∣ f ′′ (x)∣∣dx � 1
4

n−1

∑
k=1

∫ k+1

k

∣∣ f ′′ (x)∣∣dx

=
1
4

∣∣∣∣
∫ n

1
f ′′ (x)dx

∣∣∣∣= | f ′ (n)− f ′ (1)|
4

and, therefore,∣∣∣∣∣
n

∑
k=1

f (k)− f (n)
2

−F (n)−
(

f (1)
2

−F (1)
)
− f ′ (n)− f ′ (1)

8

∣∣∣∣∣� | f ′ (n)− f ′ (1)|
8

.

Hence,∣∣∣∣∣
n

∑
k=1

f (k)− f (n)
2

−F (n)

∣∣∣∣∣−
∣∣∣∣ f (1)

2
−F (1)

∣∣∣∣− | f ′ (n)− f ′ (1)|
8

� | f ′ (n)− f ′ (1)|
8

⇐⇒
∣∣∣∣∣

n

∑
k=1

f (k)− f (n)
2

−F (n)

∣∣∣∣∣�
∣∣∣∣ f (1)

2
−F (1)

∣∣∣∣+ | f ′ (n)− f ′ (1)|
4

. �

COROLLARY 1. For real p > 0 let Sp (n) :=
n
∑

k=1
kp. Then:

i)

∣∣∣∣Sp (n)− np

2
− np+1

p+1

∣∣∣∣�
∣∣∣∣12 − 1

p+1

∣∣∣∣+ p
∣∣np−1−1

∣∣
4

;

ii)
Sp (n)

np =
1
2

+
n

p+1
+O

(
1

nmin{1,p}

)
;

iii) n
Sp(n)
np ∼ n

1
2 + n

p+1 .

Proof. For f (x) = xp , x ∈ (0,∞) , p > 0, p �= 1 we have F (x) =
xp+1

p+1
, f ′ (x) =

pxp−1 , f ′′ (x) = p(p−1)xp−2. Since sign f ′′ (x) = sign(p−1) then applying inequal-
ity in Lemma 2 we obtain∣∣∣∣Sp (n)− np

2
− np+1

p+1

∣∣∣∣�
∣∣∣∣12 − 1

p+1

∣∣∣∣+ p
∣∣np−1−1

∣∣
4

.

But since in the case p = 1 we have

∣∣∣∣12 − 1
p+1

∣∣∣∣= p
∣∣np−1−1

∣∣
4

= 0 and

∣∣∣∣Sp (n)− np

2
− np+1

p+1

∣∣∣∣=
∣∣∣∣∣

n

∑
k=1

k− n
2
− n2

2

∣∣∣∣∣= 0

then inequality (i) holds for any p > 0.
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Also,
1
np

∣∣∣∣12 − 1
p+1

∣∣∣∣+ p
∣∣np−1−1

∣∣
4np = O

(
1

nmin{1,p}

)
yields

Sp (n)
np =

1
2

+
n

p+1
+O

(
1

nmin{1,p}

)
.

Since for any α > 0 we have lim
n→∞

n
O
(

1
nα
)

= 1 then

n
Sp(n)
np = n

1
2+ n

p+1+O
(

1
nmin{1,p}

)
= n

1
2+ n

p+1 ·nO
(

1
nmin{1,p}

)
∼ n

1
2+ n

p+1 . �

LEMMA 3. (Hp (n))
1
np ∼ e

− n
(p+1)2 n

Sp(n)
np ∼ e

− n
(p+1)2 n

1
2+ n

p+1 for any real p > 0.

Proof. We will prove lim
n→∞

ln

(
(Hp (n))

1
np e

n
(p+1)2 n−

Sp(n)
np

)
= 0, that is lim

n→∞

cn

np =

0, where

cn := np ln

(
(Hp (n))

1
np e

n
(p+1)2 n−

Sp(n)
np

)
=

np+1

(p+1)2
+ lnHp (n)−Sp (n) lnn.

Noting that

cn+1−cn =
(n+1)p+1−np+1

(p+1)2 +(n+1)p ln(n+1)

−(Sp (n)+ (n+1)) ln(n+1)+Sp (n) lnn

=
(n+1)p+1−np+1

(p+1)2
− ln

(
1+

1
n

)
Sp (n) ,

ln

(
1+

1
n

)
=

1
n
− 1

2n2 +o

(
1
n2

)
,(

1+
1
n

)α
−1 =

α
n

+
α (α −1)

2n2 +o

(
1
n2

)
,

α = p, p+1 and
Sp (n)

np =
1
2

+
n

p+1
+O

(
1

nmin{1,p}

)
we obtain

cn+1− cn

(n+1)p−np

=
(n+1)p+1−np+1

(p+1)2 ((n+1)p−np)
−

ln

(
1+

1
n

)
Sp (n)

(n+1)p−np

=
(n+1)p+1−np+1

n((n+1)p−np)

⎛
⎜⎜⎝ n

(p+1)2
−

n ln

(
1+

1
n

)
Sp (n)

(n+1)p+1−np+1

⎞
⎟⎟⎠
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=

(
1+

1
n

)p+1

−1(
1+

1
n

)p

−1

⎛
⎜⎜⎜⎜⎝

n

(p+1)2
−

n ln

(
1+

1
n

)
Sp (n)

np

n

((
1+

1
n

)p+1

−1

)
⎞
⎟⎟⎟⎟⎠

=

(
1+

1
n

)p+1

−1(
1+

1
n

)p

−1

⎛
⎜⎜⎝ n

(p+1)2−

(
1− 1

2n
+o

(
1
n

))(
1
2
+

n
p+1

+O

(
1

nmin{1,p}

))

p+1+
p(p+1)

2n
+o

(
1
n

)
⎞
⎟⎟⎠ .

Since

lim
n→∞

(
1+

1
n

)p+1

−1(
1+

1
n

)p

−1
=

p+1
p

,

lim
n→∞

o

(
1
n

)(
1
2

+
n

p+1
+O

(
1

nmin{1,p}

))

p+1+
p(p+1)

2n
+o

(
1
n

) = 0,

lim
n→∞

(
1− 1

2n

)
O

(
1

nmin{1,p}

)

p+1+
p(p+1)

2n
+o

(
1
n

) = 0

and

lim
n→∞

⎛
⎜⎜⎝ n

(p+1)2
−

(
1− 1

2n

)(
1
2

+
n

p+1

)

p+1+
p(p+1)

2n
+o

(
1
n

)
⎞
⎟⎟⎠= 0

⇐⇒ lim
n→∞

(
n

(
p+1+

p(p+1)
2n

+o

(
1
n

))
− (p+1)2

(
1− 1

2n

)(
1
2

+
n

p+1

))

⇐⇒ lim
n→∞

(
n

(
p+1+

p(p+1)
2n

)
−(p+1)2

(
1− 1

2n

)(
1
2
+

n
p+1

))

= lim
n→∞

(p+1)2

4n
= 0

then lim
n→∞

cn+1− cn

(n+1)p−np = 0 and by Stolz Theorem

lim
n→∞

cn

np = 0 =⇒ lim
n→∞

(Hp (n))
1
np e

n
(p+1)2 n−

Sp(n)
np = 1

⇐⇒ (Hp (n))
1
np ∼ e

− n
(p+1)2 n

Sp(n)
np ∼ e

− n
(p+1)2 n

1
2+ n

p+1 . �
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REMARK 1. In particular, for p = 1 we obtain well known asymptotic equiva-

lence for hyperfactorial H (n) , namely H (n) = H1 (n) ∼ e−
n
4 n

n+1
2 [1].

3. Main result

THEOREM 1. Let α,β , p be real numbers such that p > 0 and α + β =
p+2
p+1

.

Then

lim
n→∞

(
nα

(
(n+1)β · (Hp (n+1))

− 1
(n+1)p+1 −nβ · (Hp (n))−

1
np+1

))

= (1−α) lim
n→∞

(
(Hp (n))−

1
np+1 ·n

1
p+1

)
= (1−α)e

1
(p+1)2 .

Proof. Let an := (Hp (n))−
1

np+1 ·n
1

p+1 . Then

an+1
n+1

an
n

=
(

1+
1
n

) n
p+1 · (Hp (n))

1
np

(Hp (n+1))
1

(n+1)p

· (n+1)
1

p+1

∼ e
1

p+1 · (n+1)
1

p+1 · e
− n

(p+1)2 n
1
2+ n

p+1

e
− n+1

(p+1)2 (n+1)
1
2 + n+1

p+1

= e
p+2

(p+1)2 · n
1
2

(n+1)
1
2

·
(

n
n+1

) n
p+1 ∼ e

p+2
(p+1)2 · e−

1
p+1 = e

1
(p+1)2 .

Since

nβ · (Hp (n))−
1

np+1 = n
β− 1

p+1 · (Hp (n))−
1

np+1 ·n
1

p+1 = n
β− 1

p+1an,

α +
(

β − 1
p+1

)
= 1 and lim

n→∞
an = e

1
(p+1)2 then, applying Lemma1 to μ = α, we

obtain

lim
n→∞

nα

(
(n+1)β · (Hp (n+1))

− 1
(n+1)p+1 −nβ · (Hp (n))−

1
np+1

)

= lim
n→∞

nα
(
(n+1)1−α an+1−n1−αan

)
= (1−α)e

1
(p+1)2 . �
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In particular, for α = 0,
1

p+1
,

p+2
p+1

,
p

p+1
we obtain, respectively,

(LH1)

lim
n→∞

(
(n+1)

p+2
p+1 · (Hp (n+1))

− 1
(n+1)p+1 −n

p+2
p+1 · (Hp (n))−

1
np+1

)

= lim
n→∞

(
(Hp (n))−

1
np+1 ·n

1
p+1

)
= e

1
(p+1)2 ,

(LH2) lim
n→∞

n
p+2
p+1

(
(Hp (n+1))

− 1
(n+1)p+1 − (Hp (n))−

1
np+1

)
= −e

1
(p+1)2

p+1
,

(LH3)

lim
n→∞

n
p

p+1

(
(n+1)

2
p+1 · (Hp(n+1))

− 1
(n+1)p+1 −n

2
p+1 · (Hp(n))−

1
np+1

)

=
e

1
(p+1)2

p+1
,

(LH4) lim
n→∞

n
1

p+1

(
(n+1) · (Hp (n+1))

− 1
(n+1)p+1 −n · (Hp (n))−

1
np+1

)
=

pe
1

(p+1)2

p+1
.

REMARK 2. When p = 1 then for hyperfactorial H (n) = H1 (n) = 1122 . . .nn the
limits (LH1), (LH2), (LH3), respectively, becomes:

lim
n→∞

(
(n+1)

√
n+1

(n+1)2
√

H (n+1)
− n

√
n

n2√
H (n)

)
= lim

n→∞

√
n

n2√
H (n)

= 4
√

e,

lim
n→∞

n
3
2

(
1

(n+1)2
√

H (n+1)
− 1

n2√
H (n)

)
= −

4
√

e
2

,

lim
n→∞

√
n

(
n+1

(n+1)2
√

H (n+1)
− n

n2√
H (n)

)
=

4
√

e
2

.

4. More applications of Lemma 1

THEOREM 2. Let s f (n) := 1!2! . . .n! (superfactorial). Then

lim
n→∞

(
(n+1)

√
n+1

(n+1)2
√

s f (n+1)
− n

√
n

n2√
s f (n)

)
= lim

n→∞

√
n

n2√
s f (n)

= e
3
4 .
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Proof. Noting that s f (n) =
(n!)n+1

H (n)
we obtain

√
n

n2√
s f (n)

=
√

n n2√
H (n)

(n!)
n+1
n2

=
n2√

H (n)√
n

· n

(n!)
1
n

· 1

(n!)
1
n2

∼ e−
1
4 · e · 1(

n
√

n!
) 1

n

∼ e
3
4

(because n
√

n! ∼ ne−1 ) and, therefore,

(
n
√

n!
) 1

n ∼ 1 ⇐⇒ lim
n→∞

√
n

n2√
s f (n)

= e
3
4 .

Let an :=
√

n
n2√

s f (n)
. Since n

√
H (n)∼ e−

n
4 n

n+1
2 and (n!)

n+1
n = n! n

√
n!∼ n! ·ne−1

then

an
n =

n
n
2

n
√

s f (n)
=

n
n
2 n
√

H (n)

(n!)
n+1
n

∼ n
n
2 · e− n

4 n
n+1
2

nn!e−1 =
nne−

n
4√

nn!e−1

and, therefore,

an+1
n+1

an
n

∼ (n+1)n+1 e−
n+1
4√

n+1(n+1)!
·
√

nn!

nne−
n
4

=
(n+1)n

nn · e
− 1

4
√

n√
n+1

∼ e
3
4 .

Since lim
n→∞

an = lim
n→∞

an+1
n+1

an
n

= e
3
4 then by Lemma 1 we obtain

lim
n→∞

((n+1)an+1−nan) = e
3
4 . �
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